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Abstract

A discontinuous Galerkin method for the ideal 5 moment two-
uid plasma sys-
tem is presented. The method usesa secondor third order discontinuous Galerkin
spatial discretization and a third order TVD Runge-Kutta time stepping scheme.
The method is benchmarked against an analytic solution of a dispersive electron
acoustic square pulse as well as the two-
uid electromagnetic shock[1] and exist-
ing numerical solutions to the GEM challenge magnetic reconnection problem[2].
Results of a two-
uid electrostatic shock are shown which can be usedas a simple
benchmark for non-neutral two-
uid codes. The algorithm can be generalizedto
arbitrary geometriesand three dimensions.
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1 In tro duction

Fusion power promisesto be a safe,e�cien t and environmentally friendly en-
ergy source.Controlled fusion power conceptshave beenunder investigation
for decades,the vast majorit y of these conceptsrequire an intimate under-
standing of plasmaphysics to determine the stabilit y and con�nement prop-
erties.Numericalplasmaphysicshasprovedextremelyvaluablein deciphering
experimental data and predicting the behavior of plasmaexperiments. Many
plasma 
uid models, and in particular the full two-
uid plasmamodel, have
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received very little attention from the numerical plasma physics community.
This work describesan advancedalgorithm for the ideal 5-moment two-
uid
plasmasystem.

To solve problemsin plasmaphysicsand to gain physical intuition of plasma
phenomenaa hierarchy of classicalplasmamodels have beendeveloped. The
most fundamental continuum plasmamodel is the Vlasov model which elimi-
nates individual particles in favor of a continuous distribution function. This
model is six dimensional as the distribution function is a function of both
position and velocity. The Vlasov model can be re-written as an equivalent
systemthat consistsof an in�nite number of moment equations.A reduction
of the Vlasov model can then be obtained by truncating this in�nite series.
Assumingscalarpressureand setting the heat tensor and higher moments to
zero producesthe 5 moment truncation of the Vlasov model. This model is
known as the ideal 5 moment two-
uid plasma model, and will be discussed
in this paper. Asymptotic approximations of this two-
uid systemproducea
seriesof increasinglysimpler 
uid models including two-
uid MHD (Magne-
tohydrodynamics), Hall MHD and then the ideal MHD models.

The main bene�t of a 
uid model over the Vlasov model is the reduceddimen-
sionality from 6 dimensionsto 3 dimensions.Physics is lost in this reduction,
but an enormousamount of physicsrelevant to fusion and spacecraftpropul-
sionremainsin the 
uid description.Ideal MHD hasbeenextremelysuccessful
in explaining largescaleinstabilities in such devicesasthe Z-pinch, spheromak
and tokamak[3,4].Unfortunately therearemany regimeswherethe description
is invalid and whereit fails to explain the observedphenomena.An exampleof
this includesion demagnetizationwhich is important in Hall thrusters where
the plasmais acceleratedby the Hall electric �eld. Hall MHD addressesboth
these issuesbut fails to describe other plasma phenomenasuch as the de-
magnetizationof electronsin regionsof low magnetic�eld which is important
in collisionlessreconnection.The two-
uid MHD approach adds terms such
as electron inertia which is an important mechanism for breaking the frozen
in 
ux condition for electronsas it acts as a \dissipation" mechanism in the
absenceof resistivity[5]. The quasi-neutrality condition still constrains the
electronand ion motions, to allow completeindependenceof electronand ion
motion the quasi-neutrality condition must be relaxed; the result is the ideal
two-
uid plasmasystem.

Two-
uid e�ects are important in the generationof turbulence through mi-
croinstabilities. Most plasmasare turbulent at somescale,however the sim-
plest 
uid model, ideal MHD, describes plasmasphysics that is more or less
laminar wherethe two-
uid model producesturbulent phenomena.This canbe
explainedin part asa result of the 
uid descriptionof electrons.In a two-
uid
model both the electronsand the ions may becomeunstable independently.
In particular, electronscarry most of the current in an MHD plasmaand this
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may producea large amount of di�erential motion in the electron 
uid when
magnetic �eld gradients are present even if the plasma is in a static MHD
equilibrium. The generationof microturbulencethrough processessuch asthe
lower hybrid drift instabilit y and the modi�ed two-streaminstabilit y may be
important in both Z-pinch and theta-pinch plasmasand are frequently cited
as sourcesof anomalousresistivity[6], magnetic di�usion and heating and in
certain casesmay ultimately drive macroscopicMHD instabilities[7].

A particularly good application of the two-
uid plasma model is the fusion
Z-pinch. Many plasma experiments last a few secondswhereasthe shortest
plasmatimes scale,the electron plasmaoscillation, can occur on the scaleof
picoseconds.However, in the caseof the fusionZ-pinch thesetime scalescanbe
compressedto about 4 ordersof magnitudebetweenthe shortesttime scale,the
electronplasmaperiod the MHD instabilit y growth time, which puts two-
uid
Z-pinch simulations in the range of numerical methods. Conceptual Z-pinch
fusion reactorsare high density with extremely strong magnetic �elds which
makesthe two-
uid plasmasystemparticularly applicable[8]. Furthermorethe
radiusof the pinch canbe 1000Debye lengthsin somedesigns[9] which means
Debye length scalescould be resolved in very high resolution simulations.
Arti�cially increasingthe electron massto ion massratio and increasingthe
ratio of the Alfven speedto the speedof light can make the Z-pinch problem
more computationally tractable while maintaining the relevant physics. The
analysisof microinstabilities such as the lower hybrid drift instabilit y may be
important in progressingtowards a better understandingof Z-pinch physics.

Algorithms have been designedfor various 
uid plasma models including
MHD[10,11],Hall MHD[12{15] various forms of electrostatic two-
uid plasma
models[16{18]and the ideal two-
uid system[19,20,1].The �rst well described
two-
uid plasma algorithm was the ANTHEM[19,20] code. It was used to
simulate fast phenomenain high density plasmasinaccessibleto PIC codes,
the applications included simulations of plasmaopeningswitchesand the fast
igniter concept.ANTHEM useda 
ux correctedtransport (FCT) type algo-
rithm for the 
uids and an FDTD type algorithm for the �elds. This type
of algorithm is di�cult to extend to generalgeometriesbecauseof the stag-
geredschemeused for Maxwell's equations. In [1] a full two-
uid algorithm
using the �nite volume method for both 
uids and �elds was described for
one-dimensionalproblemswith the intent of eventually extendingthe method
to multiple dimensionsand arbitrary geometries.Unfortunately, it was di�-
cult to extendthis algorithm to multiple dimensionsbecauseof the divergence
errors that develop in the magnetic �elds, requiring divergencecleaning.An
additional issue was the decay of equilibrium solutions due to the low or-
der of accuracywhich resulted from the sourceterm integration and di�usiv e
limiters used.Major improvements on the �nite volume technique have been
madewith the help of various divergencecleaningtechniquesand careful at-
tention to sourceterm treatment. The �nite volume technique is described in
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a companionpaper[21].

The purposeof the paper is to develop a numerical algorithm for the ideal
5 moment two-
uid plasmasystemusing the discontinuous Galerkin method
so that it can be easily generalizedto arbitrary geometriesand to arbitrarily
high order accuracyto help capture plasma instabilities. TVB discontinuous
Galerkin methods are described in [22{24]. They are extendedto the multi-
dimensionalEuler equationsin [25]and to Maxwell's equationsin [26,27].The
two-
uid systemof equationsconsistsof two setsof Euler equations,one for
the electronsand the other for the ions,and the completeMaxwell's equations.
The ideal two-
uid systemdi�ers from the ideal MHD equationsin that it is
composedof three separate(but well understood) hyperbolic systemscoupled
through sourceterms. The MHD equationsare, on the other hand, a unique
hyperbolic system.A discontinuous Galerkin method for the MHD equations
was developed in [28] and it is used in a Vlasov-Maxwell algorithm in [29],
numerousother applications can be found in [30].

In section 2 the ideal 5-moment two-
uid model is described and the equa-
tions are presented. In section 3 a scalar model problem is derived from the
two-
uid systemswhich helps to illustrate someof the numerical issueswith
the system. In section 4 the discontinuous Galerkin method applied to the
two-
uid plasma system is presented. In section 5 simulations are presented
including an electronacousticpulsefor validation of codeaccuracy, an electro-
static shock, the two-
uid electromagneticshock[1], and the GEM challenge
magnetic reconnectionproblem[2] where the reconnectedmagnetic 
ux can
be compared to published results. Finally, in section 6 the conclusionsare
discussed.

2 Tw o-Fluid Mo del

The full two-
uid plasma model consistsof a set of 
uid equations for the
electronsand ions plus the completeMaxwell's equationsincluding displace-
ment current. The 
uid and electromagneticsystemsare coupledby Lorentz
forcesand current sources.In the following equations,E is the electric �eld,
B is the magnetic �eld, qs is the speciescharge (subscript s is i for ions and
e for electrons), � s is the speciesdensity, ms is the speciesmass,U s is the
speciesvelocity, Ps is the speciespressureand es is the speciestotal energy
with es = 1

2 � s U 2
s + 1

1� 
 s
ps. The speciesnumber density is de�ned asns = � s

ms
,

� 0 is the permittivit y and � 0 is the permeability of free space.The complete
Ampere's law is used

@t E � c2 (r � B ) = �
1
� 0

X

s

qs

ms
� sU s ; (1)
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and the completeFaraday's law

@t B + (r � E) = 0: (2)

The magnetic 
ux equation,
r � B = 0 (3)

and Poisson'sequation(4),

r � E =
1
� 0

(qi ni + qe ne) (4)

areconstraint equationswhich canbederivedfrom Ampere'slaw (1) and Fara-
day's law (2). The constraints are not solved numerically which can be prob-
lematic [31], however, errors in divergencedo not e�ect the results described
in this paper.

The 
uid equations are simply the inviscid Navier Stokes equations with
Lorentz force sourceterms. Each 
uid specieshas its own equation for en-
ergy,

@t es + r � (U s (es + Ps)) =
qs

ms
� sE � U s ; (5)

momentum,

@t (� sU s) + r � (� sU �
s U s) + r �

�
� � � Ps

�
=

qs

ms
� s (E + U s � B ) ; (6)

and continuity,
@t � s + r � (� sU s) = 0: (7)

This meansthat each specieshas its own temperature, velocity and number
density. As a result, quasi-neutrality is not assumedand things like electron
plasmawavesand ion subshocks shouldbe observed numerically. This system
is identical to the systemusedin [1].

The ideal two 
uid plasmasystemcan be written as three systemsof balance
laws,

@Qe

@t
+ r � Fe (Qe) =  e (Qe; Qem) ; (8)

for the electron equations,

@Qi

@t
+ r � Fi (Qi ) =  i (Qi ; Qem) ; (9)

for the ion equations,and

@Qem

@t
+ r � Fem (Qem) =  em (Qi ; Qe) ; (10)
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for Maxwell's equations.Thesebalancelaws, Eqns.(8)-(10), are given in full
form by,

@
@t

0

B
B
B
B
B
B
B
B
B
B
B
B
@

� s

� s Ux s

� s Uy s

� s Uz s

es

1

C
C
C
C
C
C
C
C
C
C
C
C
A

+ r �

0

B
B
B
B
B
B
B
B
B
B
B
B
@

� s Ux s � s Uy s � s Uz s

� s Ux sUx s + Ps � s Ux s Uy s � s Ux s Uz s

� s Uy sUx s � s Uy s Uy s + Ps � s Uy s Uz s

� s Uz sUx s � s Uz s Uy s � s Uz s Uz s + Ps

Ux s (es + Ps) Uy s (es + Ps) Uz s (es + Ps)

1

C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

0

qs ns (Ex + Uy s Bz � Uz s By)

qs ns (Ey + Uz s Bx � Ux s Bz)

qs ns (Ez + Ux s By � Uy s Bx )

qs ns (Ex Ux s + Ey Uy s + Ez Uz s)

1

C
C
C
C
C
C
C
C
C
C
C
C
A

(11)

@
@t

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

Bx

By

Bz

Ex

Ey

Ez

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

+ r �

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 Ez � Ey

� Ez 0 Ex

Ey � Ex 0

0 � c2 Bz c2 By

c2 Bz 0 � c2 Bx

� c2 By c2 Bx 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0

0

0

� 1
� 0

(qe ne Ux e + qi ni Ux i )

� 1
� 0

(qe ne Uy e + qi ni Uy i )

� 1
� 0

(qe ne Uz e + qi ni Uz i )

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(12)

3 Deriv ation of a Scalar Mo del Problem

The ideal 5-moment two-
uid systemis unusualin that the sourcetermsact as
harmonicoscillators,the sourcetermsarepurely dispersivewithout dissipation
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or ampli�cation. This fact is important when consideringnumerical methods
to use,as the sourceterm integration should introduceas little dissipation as
feasiblein order to avoid damping theseoscillations. It frequently occurs in a
two-
uid plasmathat convective forcesare in balancewith oscillating sources
to produce an equilibrium. With this in mind, a simple model problem is
derived which may help one choosea proper numerical method for the two-

uid system.

Linearizing the electronx-momentum equation(6) and Ampere'slaw (1) while
assuminga constant background ion density and assumingthat B = 0, a
partial di�erential equation for electron plasma oscillations can be derived
which takesthe form

@2u
@t2

= � ! 2
p eu ; (13)

whereu is the perturbed x velocity and ! p e is the electronplasmafrequency.
This can be transformed to a �rst order equation in complex variables by
making the transformation ! pev = @u

@t and letting Q = v + i u.

@Q
@t

= i ! p eQ : (14)

By transforming variables u (x; t) ! u (x + a t; t) Equation(14) becomesan
advection oscillation equation

@Q
@t

+ a
@Q
@x

= i ! p e Q ; (15)

wherea is the wavepropagationspeedand ! p e is the oscillation frequency. Any
algorithm that is stable to the two-
uid systemshouldbe stablewhenapplied
to Eqn(15).This equationhassolutionsQ = A ei (k x� ! t ) where! = ak� ! p e In
particular(15) admits a steadystate solution Q = A ei k x on an in�nite domain
wherethe sourceterm is in balancewith the 
ux. It is important to note that
there are an in�nite number of equilibria which di�er by a continuousrangeof
scalarfactorsA. This point is important whenconsideringnumerical methods
for this system since a numerical method with too much dissipation could
conceivably move a steady state solution from one equilibrium to another
all the while moving towards a state where A = 0. This loss of amplitude
is also observed in equilibrium type problems in the two-
uid system. An
e�ective numerical algorithm must be both stable to the advection equation
and oscillation equation and must have low dissipation in equilibrium type
problems.The discontinuousGalerkin method is an ideal candidatefor solving
the two-
uid system since it is accuracy can easily be increasedto reduce
numerical dissipation while being stable to both the advection equation and
the oscillation equation.
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4 Runge-Kutta Discon tin uous Galerkin Metho d

DiscontinuousGalerkin methods are high order extensionsof upwind schemes
usinga �nite element formulation wherethe elements arediscontinuousat cell
interfaces.Details of the method are discussedin [22{25] and reproducedhere
for our particular case.The balancelaw

@Q
@t

+ r � F (Q) =  (Q) (16)

is multiplied by the set of basisfunctions f vr g and integrated over the �nite
volume element K . For secondorder spatial accuracythe basisset

f vr g = f v0; vx ; vyg = f 1;
x � x i j

1
2 � x

;
y � yi j

1
2 � y

g (17)

is usedand for third order spatial accuracy

f vr g = f v0; vx ; vy ; vx y; vx x ; vy yg = f 1; vx ; vy; vxvy ; v2
x �

1
3

; v2
y �

1
3

g (18)

is used.The equation is written,

Z

K

@Q
@t

vr dV +
Z

K
(r � F ) vr dV =

Z

K
 vr dV : (19)

Integrate by parts to get

Z

K

@Q
@t

vr dV +
Z

@K
(F � n) vr d� �

Z

K
F � (r vr ) dV =

Z

K
 vr dV : (20)

The discrete conserved variable Q is de�ned as a linear combination of the
basisfunctions inside an element K , with

Q =
X

r
vr Qr : (21)

The integral
R

K
@Q
@t vr dV = @Qr

@t C V whereC is the constant 1
V

R
K v2

r dV and
V is the volume of the element. Using these de�nitions we get the discrete
equation

@Qr

@t
C V +

X

e

X

l

wl (F � n) vr � e�
X

m
wm F �(r vr ) V =

X

m
wm  vr V ; (22)

whenthe integralsarereplacedby appropriateGaussianquadratures.� e is the
surfaceareaof the cell facein consideration,e refersto an element face,l are
quadrature points on a face,wl the associated weight and m are quadrature
points in the volumewith wm the associatedweight. For a secondordermethod
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the edgeintegrals are replacedby a two point Gaussianquadrature

Z 1

� 1
f (x) dx � f

 
1

p
3

!

+ f

 

�
1

p
3

!

(23)

A four point quadrature is usedfor the volume integral given by,

Z 1

� 1

Z 1

� 1
f (x; y) dx dy � f

 
1

p
3

;
1

p
3

!

+ f

 

�
1

p
3

;
1

p
3

!

+

f

 

�
1

p
3

; �
1

p
3

!

+ f

 
1

p
3

; �
1

p
3

!

: (24)

The discreteequationsfor the secondorder schemeare

@Q0

@t
V +

X

e

X

l

wl (F � n) v0 � e =
X

m
wm  v0 V ; (25a)

@Qx

@t
V + 3

X

e

X

l

wl (F � n) vx � e � 3
X

m
wm F � (r vx) V = 3

X

m
wm  vx V ;

(25b)
@Qy

@t
V + 3

X

e

X

l

wl (F � n) vy � e � 3
X

m
wm F � (r vy) V = 3

X

m
wm  vy V :

(25c)
The derivativesof the basisfunctions can be calculatedanalytically sincethe
polynomial basisfunctions are known. The discontinuous Galerkin method is
applied to each balancelaw (8)(9)(10) at every time step. For the third order
spacemethod the edgeintegrals are doneusing a 3 point quadrature

Z 1

� 1
f (x) dx �

8
9

f (0) +
5
9

 

f

 p
3

5

!

+ f

 

�

p
3

5

!!

(26)

The volume integrals are performed using a 9 point quadrature which can
be calculated by doing a 3 point integration in the x direction and then a 3
point integration in the y direction. This producesthe following approximate
integral

Z 1

� 1

Z 1

� 1
f (x; y) dx dy �

64
81

f (0; 0) +

25
81

"

f

 p
3

5
;

p
3

5

!

+ f

 

�

p
3

5
;

p
3

5

!

+ f

 

�

p
3

5
; �

p
3

5

!

+ f

 p
3

5
; �

p
3

5

!#

+

40
81

"

f

 

0;

p
3

5

!

+ f

 p
3

5
; 0

!

+ f

 

0; �

p
3

5

!

+ f

 

�

p
3

5
; 0

! #

(27)
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For the 3rd order schemethe following discreteequationsmust be updated in
addition to thosegiven by the secondorder scheme(25)

@Qxy

@t
V + 9

X

e

X

l

wl (F � n) vxy � e� 9
X

m
wm F �(r vxy ) V = 9

X

m
wm  vxy V ;

(28a)
@Qxx

@t
V+

45
4

X

e

X

l

wl (F � n) vxx � e�
45
4

X

m
wm F �(r vxx ) V =

45
4

X

m
wm  vxx V ;

(28b)
@Qyy

@t
V+

45
4

X

e

X

l

wl (F � n) vyy � e�
45
4

X

m
wm F �(r vyy) V =

45
4

X

m
wm  vyy V :

(28c)
Though the spatial discretization usesa �nite element approach, the time
integration usesstandard �nite di�erence methods which are described in the
next section. The algorithm described is an explicit �nite element method,
data is only exchangedbetweenneighboring cells.The solution doesnot need
to be continuous at cell interfaceswhich is particularly useful for problems
with shocks.

4.1 Time Integration Schemes

Time integration schemesthat are stable for the advection equationmust also
be stable to the oscillation equation if they are to be stable in generalto the
two-
uid system.Two time integration schemesthat are stable to the oscilla-
tion equationand that work well with the discontinuousGalerkin method are
as follows, the 3rd order TVD Runge-Kutta method[22],

Q1 = Qn + � t L [Qn ] (29a)

Q2 =
3
4

Qn +
1
4

�
Q1 + � t L

h
Q1

i�
(29b)

Qn+1 =
1
3

Qn +
2
3

�
Q2 + � t L

h
Q2

i�
; (29c)

and the standard 4th order Runge-Kutta method [32]

k1 = � t L [Qn ] (30a)

k2 = � t L
�

Qn +
1
2

k1

�

(30b)

k3 = � t L
�

Qn +
1
2

k2

�

(30c)

k4 = � t L [Qn + k3] (30d)

Qn+1 = Qn +
1
6

(k1 + 2k2 + 2k3 + k4) : (30e)
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The time integration schemeis applied to each Qr at every time step to evolve
the solution. The term L [Qn ] represents the entire \left hand side" which is
everything but the time derivative evaluated at Qn . It is important to note
that all two step secondorder Runge-Kutta schemesare unstable to the os-
cillation equation[32].In this paper, the results presented use the 3rd order
TVD Runge-Kutta method.

4.2 Evaluating F � n

The 
ux F � n can be evaluated a number of di�erent ways. Both approximate
Riemann solvers and the Lax 
ux have beenused.For the 3rd order discon-
tinuous Galerkin method for the two-
uid systemthe local Lax 
ux is more
robust and soit is usedthroughout this paper. The local Lax 
ux at each face
is calculatedas

F � n =
1
2

�
F +

i + F �
i +1

�
� n �

1
2

j� j i +1 =2

�
Q+

i � Q�
i +1

�
� n ; (31)

wherej� j i +1 =2 is the maximum eigenvalueof the particular systembasedon the
averages,Q0, of the conservedvariablesat the centers of cell i and i + 1. The lo-
cal Lax 
ux is a well known 
ux function that canbeusedin the discontinuous
Galerkin method [22]. For the 
uid systemsj� j i +1 =2 =

�

ju� j +
�

 �

p�
� �

� 1
2

�

i +1 =2
is used.This choiceof the eigenvalue is important for the 
uid equationsbe-
causeit frequently happens for the two-
uid systemthat conserved variable
valuesat the interface produce imaginary sound speedswhereasthis occurs
much lessoften for the conserved variablesat the center of each cell. Imagi-
nary soundspeedstypically becomemore of a problem as the grid resolution
is increased.This is partly attributed to the overall decreasein numerical dif-
fusion of the high frequencywaves.Increasedspatial resolution and temporal
resolution results in larger and higher frequencyphysical oscillations in the
sourceterms and the results are prone to negative pressures,particularly in
the 3rd order discretization, perhapsdue to the non-conservative form of the
algorithm. It hasbeenfound that the local Lax 
ux alleviatesthis problem by
introducing moredissipation sothat negative pressureoccursmuch lessoften,
even as the grid resolution is increased.For Maxwell's equationsj� j = c. The
superscripts+ and � meanthat the Q is evaluated at the upper or lower edge
of the cell.

The local Lax 
ux is di�usiv e. Lessdi�usiv e 
uxes such as an approximate
Riemann
ux can be used.The local Lax 
ux hasseveral advantagesover the
Riemann 
ux. First of all it is simpler to implement and can be used as a
baseschemewhentesting higher moment 
uid equationssuch asthe 10, 20 or
35 moment 
uid equationswhich correspond to gyroviscous
uid models; the
eigensystemsfor thesemodelsarecomplexand usinga local Lax 
ux simpli�es
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the implementation. Also, note that the local Lax 
ux wasusedin the original
multi-dimensional Euler discontinuousGalerkin algorithm [25]and it is logical
to extend that work by using the local Lax 
ux as our base
ux. In general
it has beenobserved that a Riemann 
ux givesa similar quality solution at
roughly half the resolution of a local Lax 
ux using the secondorder scheme.
Of course,the useof a local Lax 
ux reducesoverall energyconservation for a
given grid resolution, but this problem is alleviated by increasingresolution.
It has been suggestedthat as the order of the polynomial representation is
increasedthe choice of 
ux function, \do esnot have a signi�cant impact on
the quality of the approximations"[33].

We have observed that the local Lax 
ux hasbetter divergenceproperties for
Maxwell's equationswith sourceterms than the approximate Riemann 
ux.
Large grid aligned divergenceerrors occur when using a Riemann 
ux unless
the constant M in the TVB limiter, discussedin section4.3, is set to a non-
zero value. When the local Lax 
ux is used M = 0 producessigni�cantly
smaller grid aligned divergenceerrors. In conclusion, the local Lax 
ux for
the two-
uid plasma system is more robust than an approximate Riemann

ux, simpler to implement, doesnot su�er precisionerrors that arise during
the Riemanndecomposition, doesnot su�er large grid aligned r � B errors to
the extent that an approximate Riemann 
ux doeswhen limiters are applied
(limiters needto be applied to Maxwell's equationsotherwisethey can induce
negative pressureerrors in the 
uid equations),and is easyto apply to more
complex 
uid and electromagneticsystems;for these reasonsthe local Lax

ux is attractiv e and is usedin the simulations that follow.

4.3 Limiting

High resolution schemestypically uselimiting to prevent spuriousoscillations
near discontinuities and for stabilization of non-linear systems[34].Limiters
can also be used in the discontinuous Galerkin method, though instead of
being TVD, minmod limiters producea schemethat is TVDM or TVD in the
mean.This meansthat the solution is TVD in Q0, but not necessarilyin Q.

Following the proceduredescribed in [23] the conserved variables Q can be
limited in terms of characteristics or in terms of components. To limit Q in
terms of characteristicsthe Q are �rst transformedto characteristic variables
g whereg = L Q and L is the left eigenvector matrix of the 
ux Jacobiancal-
culated from Q0. The left eigenvector matrix is alsoapplied to the di�erences
L

�
Qi +1

0 � Qi
0

�
= � + g0 and L

�
Qi

0 � Qi � 1
0

�
= � � g0. Limiting is performed

directly on transformedvariablesand then the solution is immediately trans-
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formed back to determinethe limited form of Qx ,

�Qx = L � 1 m
�
gx ; � + g0; � � g0

�
(32)

wherem is the minmod limiter de�ned by

m (a;b;c) =

8
>><

>>:

max(a;b;c) if sign(a) = sign(b) = sign(c) = �

min (a;b;c) if sign(a) = sign(b) = sign(c) = +

0 otherwise

: (33)

The minmod limiter Eqn.(33) is usedfor each of the 
uid equationsEqn.(8)(9)
while if the simulation is 2D a modi�ed minmod limiter is usedon Maxwell's
equationsEqn.(10) so that divergenceerrors in the B �eld are reduced.The
modi�ed minmod limiter is

�m (a;b;c) =

8
<

:
a if jaj < M dx2

m (a;b;c) otherwise
; (34)

where M is a constant. Component limiting is done in a similar manner ex-
cept no transformation is necessary, so that the limiter is directly applied to
the variablesQ. Component limiting has the advantage that it is faster than
characteristic limiting and it doesnot introducemachine precisionerrors that
can result during the transformation Q = L � 1 (L Q). Although analytically
the transformation is exact, numerically precisionerrorsare introducedwhich
can be large if large numbers are added to small numbers. The issueof pre-
cision errors is especially important for the third order spaceDG method.
Unfortunately component limiting is not TVDM[23].

When a 3rd order DG method is used,two typesof limiters can be used.The
�rst method follows the procedureof secondorder method and is described in
[24] where if �Qx 6= Qx then all higher order coe�cien ts are set to zero. This
method is simple to implement and is usedin this paper.

A di�erent and potentially better 3rd order limiter is that of [35]. In this
method, the linear terms, Qx , Qy , Qz are limited in the same way as the
secondorder method while the higher order terms Qx y, Qx x and Qy y are
limited as follows.

�Qi
x x = m

�

Qi
x x ;

1
2

�
Qi +1

x � Qi
x

�
;
1
2

�
Qi

x � Qi � 1
x

� �

(35)

and
�Qj

y y = m
�

Qj
y y;

1
2

�
Qj +1

y � Qj
y

�
;
1
2

�
Qj

y � Qj � 1
y

� �

(36)

�nally , the term Qx y is limited by setting it to zero if either Qx x or Qy y is
limited. In [24] it wassuggestedthat the high order terms could be limited by
simply setting them to zeroif the linear terms are limited. The justi�cation is
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that oscillationsin the higherorder terms would only be important whenoscil-
lations in the linear terms exist. Limiting the higher order terms independent
of the limiting of the lower order terms (as just described) is found to reduce
errorsassociated with machine precision.This may be due to signi�cant oscil-
lations developing in the higher order terms when they are not present in the
lower order terms. Unfortunately, despiteproducingmoresymmetric solutions
early in time for simulations of the GEM challengereconnectionproblem (to
be described in section 5), late in time, this method frequently leads to the
development of negative pressuresthat are di�cult to correct.

4.4 Stability

The stabilit y limits of the numericalalgorithm just describedarede�ned by the
highest oscillation frequencyof the systemor by the CFL condition basedon
the speedof light. Typically the highest oscillation frequencyis the electron

plasma frequency wp e =
�

neq2
e

� 0 me

� 1
2 and a time step is chosen for which the

time integration scheme is stable to this frequency of oscillation, this time
step is typically � t < 1

wp e
. When the CFL condition dominates the time

step � t < 1
6

� x
c is usedfor the secondorder spatial discretization in 2D and

� t < 1
10

c
� x for the third order spatial discretization in 2D.

4.5 Divergence errors

Divergenceerrors are a commonproblem in plasmacodesand techniquesfor
solving these issueshave been discussedin detail for magnetohydrodynam-
ics codes in [36]. Ultimately divergencecleaning will need to be applied to
the two-
uid plasmaalgorithm. However, our experiencehas shown that the
discontinuousGalerkin method applied to the two-
uid plasmasystemworks
quite well without divergencecleaning in caseswhere a �nite volume code
(developed in parallel) fails completely.

Two techniqueshave beenapplied to the �nite volume method that can also
be applied to the discontinuous Galerkin algorithm for the two-
uid system.
The �rst method solves the potential form of Maxwell's equationsre-written
asa systemof 16�rst orderequations.In this case,both divergenceconstraints
are satis�ed automatically though a new constraint, the Lorentz gaugecondi-
tion for example,arises.Sincethe gaugecondition is �rst order,gaugecleaning
may be performedalgebraicallyfor each cell. A secondapproach to divergence
cleaning,which hasbeenusedsuccessfullyby the authors in the the �nite vol-
ume code, is to usethe perfectly hyperbolic Maxwell's equationsasdescribed
in [37]. Both these techniquesare hyperbolic divergencecleaning techniques
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so they can be applied to the described algorithm simply by changing Qem,
Fem and  em if Lax 
uxes and componentwise limiting is used. If Riemann

uxes or characteristic limiting is usedthen the eigensystemsof the new elec-
tromagnetic systemswould alsoneedto be calculated.

In MHD codes large divergenceerrors can occur at shocks, in the two-
uid
plasmasystemthis is not such an issuesincetrue shocks do not occur in the
magnetic �eld. For most situations, true shocks only occur in the ion 
uid,
followed by a smooth Debye length transition in the electron quantities and
then a broadertransition in the magnetic�eld �eld pro�le. Finally, the results
of this research have bene�ted from the parallel development of a divergence
cleaned�nite volume two-
uid code [21] so that results could be compared.

5 Simulations

The two-
uid systemdescribesmany dispersive waves including the electron
acousticwave. In a plasmathe electronacousticwave is coupledto the plasma
frequencyproducing a wave that is essentially stationary for su�cien tly long
wavelengthsor su�cien tly cold plasmas.In the following a dispersionrelation
for the electron acoustic wave in a warm plasma is derived from linearized
two-
uid equations.The dispersion relation is used to calculate an analytic
solution to the propagation of an approximate square pulse in a two-
uid
plasma.The numerical two-
uid solution using the 2nd and 3rd order discon-
tinuous Galerkin method is comparedto the analytic solution using various
grid resolution and the order accuracy of the algorithm in the L 2 norm is
calculated.

Assumein�nitely massive ions with a background number density n0 for both
electrons and ions and charge qi = � qe. Furthermore, assumebackground
electron and ion pressuresP0 while all other background quantities are zero.
A perturbed electron velocity u1

e = U0 ei (kn x+ wn t ) is assumed.Correspond-
ing perturbed electric �eld, density and pressurepro�les can be derived from
Poisson'sequation, the continuity equation and the energyequation so that
the perturbed electric �eld E 1

x n = i
� 0 wn

n0qe u1
e, perturbed electron pressure,

P1
en = �

�
kn
wn

�

 e P0 u1

e, and perturbed electron density, � 1
en = �

�
kn
wn

�
� 0 e u1

e.
The electronacousticdispersionrelation is

wn = �

"  

 e P0

� 0 e

!

k2
n +

 
n0 q2

e

� 0 me

! # 1
2

: (37)

Taking the positive root waves that travel to the left are de�ned. A square
pulse on a periodic domain is de�ned by taking linear combinations of these
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waves,

u1
e (x; t) = � U0

1X

n=0

i
2n + 1

ei ( kn x+ wn t ) : (38)

As a practical matter, an approximate square pulse is used since the high
wave numbers cannot be resolved numerically unlessthe spatial resolution is
su�cien tly high. Figures 1 and 2 illustrate this dramatically. Figure 1 shows
the initial squarepulse initialized with 5000wave modes.Figure 1 shows the
analytic solution after t = 1000 steps. Since there is no dissipation in the
system and the system is dispersive the high frequencymodes in the initial
conditions play an important role in the �nal solution; this makesthe issueof
convergencein shock-typeproblemsthat start out with discontinuities di�cult
to assess.As a result, in the simulations and analytic solutions that follow,
n = 9 is the highest mode included in the expansionand kn = 2� n. Finally,
only the real part of all perturbed quantities are usedin the initial conditions,
thus,

E 1
x (x; t) =

9X

n=0

E 1
x n (39)

P1
e (x; t) =

9X

n=0

P1
en (40)

� 1
e (x; t) =

9X

n=0

� 1
en (41)

In this simulation qi = � qe = 10, � 0 = 1, n0 = 1, P0 = 1, me = 1, mi = 1 ,

 e = 2 for convenience.To ensurethat the solution is in the linear regimeU0

must be set to a small value, but not so small that machine precisionerrors
becomean issue.For thesesimulations U0 = 1� 10� 8. The domain is periodic
with length 1. Electromagnetic waves do not exist in this problem, but the
speedof light c = 1. The simulations are run to time t = 3 at several di�erent
resolutions and 20,000time stepsare taken for the highest resolution simu-
lation which has 320 cells. The initial conditions for the electron x-velocity
perturbation are shown in �gure 3. An approximate squarewave is used to
excite several wave modes to test the algorithms performancee�ectively. A
problem in the linear regimeis usedfor two reasons.First of all, analytic solu-
tions exist and areeasyto calculate,secondly, in the linear regimethe limiters
canbeturned o� sothe solution canbeobservedwithout the addeddissipation
which can reduceoverall accuracymaking it much easierto compute numer-
ically the accuracyof the algorithm. Ultimately, problems in the non-linear
regime,problemswith large U0 for example,require limiters and the overall
accuracyof the numerical solution is reduced.The designof e�ective limiters
may be the most important problem in gaining computational e�ciency from
3rd order or higher discontinuous Galerkin methods for the two-
uid system
when comparedto the 2nd order method.
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Fig. 1. Electron velocity of a squareelectron acoustic squarepulse at time t = 0
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Fig. 2. Analytic solution of the electron velocity of a squareelectron acoustic pulse
at time t = 1000. This plot illustrates the dispersive, non-di�usiv e nature of the
two-
uid system that makes it numerically di�cult even in the linear regime. The
high frequencymodesstill contribute signi�cantly to the amplitude of the solution
late in time and they always will becausethere is no physical di�usion. The dis-
persive, non-di�usiv e nature of the two-
uid system can make it appear that our
numerical solutions su�er from signi�cant numerical dispersion errors when they
are actually correctly capturing physical dispersion.
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Fig. 3. Exact electron x velocity at t=0. Initial conditions are chosen so that all
waves travel to the left as time increases.Sincethe waves are dispersive the initial
\square wave" disappearswhen the solution is allowed to evolve.

After 3 time units the squarepulse shape has disappeareddue to wave dis-
persion.Plots of the numerical solution versesthe analytic solution at various
grid resolutionsare shown in �gures 4, 5, and 6 at 3 time units. In �gure 4
there are 40 cells in the domain and the 3rd order method shows evidenceof
resolving the highest order mode. The 2nd order method only captures the
bulk features. In �gure 5 there are 80 cells in the domain and the 3rd order
method capturesthe amplitude of the highestmodesand matchesthe analytic
solution very well. The 2nd order method still strugglesto resolve the highest
mode (note the solution at the two skinniest spikes). In �gure 6 there are 160
cells in the domain and the 2nd order method still does not match the am-
plitude of the highest order mode and doesnot match the amplitudes much
better than the 3rd order method at 40 grid cells.Figure 7 shows a plot of the
convergencehistory of the numerical solutions along with calculatedorder of
accuracy. In both casesthe calculatedorder of accuracyvariesfrom lessthan
1 for low resolution where the high frequencymodes are barely resolved to
better than the order of the schemewhen the solution is nearly converged.

The 3rd order method performssubstantially better than the 2nd order in this
linearized problem when limiter are not needed.In particular, the 3rd order
method preservesamplitude much better than the 2nd order, this samephe-
nomenahas been observed in certain equilibrium type non-linear problems.
In general,however, the bene�ts of the 3rd order method over the 2nd or-
der method for non-linear two-
uid problemsis questionable.Extremely good
limiters needto be developed, both to maintain accuracyand to prevent the
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Fig. 4. Numerical solution using 2nd and 3rd order discontinuous Galerkin spatial
discretizations with a 3rd order time discretization comparedto the exact solution
at t=3. The grid has 40 cells so the highest wave number mode is barely resolved
with the 2nd order method. The 2nd and 3rd order solutions di�er substantially
from the analytic solution.
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Fig. 5. Numerical solution using 2nd and 3rd order discontinuous Galerkin spatial
discretizations with a 3rd order time discretization comparedto the exact solution
at t=3. The grid has 80 cells across the domain. The 2nd order solution di�ers
substantially from the analytic solution, only capturing the lower order modes.The
3rd order solution matches the analytic solution well.
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Fig. 6. Numerical solution using 2nd and 3rd order discontinuous Galerkin spatial
discretizations with a 3rd order time discretization comparedto the exact solution
at t=3. The grid has 160 cells acrossthe domain. The 2nd order solution resolves
the high order modesat this resolution. At higher resolution the numerical solutions
are visually indistinguishable from the analytic solution.

solution from blowing up. TVB limiters work well for someproblems and a
non-zeroTVB constant M can be usedfor Maxwell's equationsfor all simula-
tions, unfortunately it is much moredi�cult to �nd a non-zeroM for the 
uid
equationsthat results in a stable solution, so for most problem M is simply
set to 0 for the 
uid equations.
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Fig. 7. Natural log of the L 2 norm versesnatural log of grid spacingfor the numer-
ical solutions to the electron acoustic wave dispersion problem. The solutions were
calculated using 2nd and 3rd order discontinuous Galerkin spatial discretizations
with a 3rd order Runge-Kutta time discretization. The numbersnear each line give
the slope of the line and hencethe measuredorder of accuracyof the scheme.The
3rd order method givessubstantially better accuracythan the secondorder method.
Grid resolutionsusedto construct this plot are 1=20, 1=40, 1=80, 1=160,and 1=320.
The measuredaccuracywas computed at t = 3.
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5.1 Two-Fluid Electrostatic PlasmaShock

In this section we include a simulation of a simple gasdynamic shock using
the two-
uid equations.The electronsand ions start out with the samedis-
continuous pressureand number density pro�le. The solution is allowed to
evolve in time. The domain sizeis 10,000cells in the simulation takes200,000
time steps.An electrostatic �eld is quickly generatedwhich couplesthe ions
to the electrons.Parametersusedare, qi = 10, qe = � 10, mi = 1, me = 1

1836,
� 0 = 1, � 0 = 1, c = 1, 
 e = 
 i = 5

3. For a comparison,a neutral 
uid with the
samemassdensity as the ions and double the ion pressureis also included.
The initial conditions are,
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: (42)

Theseinitial conditionsgive a Debye length � d = vth e
wp e

= 1� 10� 3 basedon the
conditions on the left hand side of the domain. The electric �eld in the two-

uid solution couplesthe electronand ion pressuresso that the shocks in the
two-
uid solution match the location of the shocks in the neutral 
uid solution.
Thereremainsigni�cant di�erencesin the two-
uid andneutral 
uid solutions.
In �gure 8 spikesin ion density appear in the two-
uid solution on the Debye
length scale.The spike at the shocks hasa simple physical explanation and is
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commonly seenin simulations of partially ionized gases[38].The electric �eld
increasesthe speedof the ion shock to match the speedof the neutral shock.
The ion conditions at the ion shock still have to satisfy the Rankine Hugoniot
relations, so roughly a Debye length before the shock the ions adjust their
jump conditions to producea shock that hasthe neutral 
uid shock speed.As
a result, in �gure 9 a smooth rise in the ion density is seenjust beforethe ion
shock. The jump conditions at the ion shock producea shock speedgiven by
the neutral 
uid shock speedto onepercent.

The wavesthat appear at the baseof the rarefaction wave (closeup in �gure
10) can be explained in a similar manner though roughly 80 percent of the
magnitudeof the spikesis a result of errors in Poisson'sequation.The neutral
rarefaction wave moves faster than the ion rarefaction wave by itself. The
ion 
uid attempts to undergorarefaction beforethe electron 
uid, when this
happensan electric �eld developswhich pulls the ion 
uid density back to the
electron
uid density. This processis repeateduntil the ionsandelectronsform
a rarefaction wave at the samepoint �g.10, which also is the samepoint that
the neutral solution rare�es at. The shocks themselvesdisappear if Poisson's
equation is enforcedand are replacedby smooth transitions.

As a practical matter these Debye length oscillations may disappear when
electron-ion collisional e�ects or other collisional e�ects are included in the
code; however, similar e�ects have beenobserved in simulations of partially
ionized gases[38] and the existenceof ion subshocks are discussedin [39]
for example. Nevertheless,the analysis is important becauseDebye length
oscillations routinely appear in two-
uid simulations and the e�ects are not
always numerical. At the baseof rarefactions,un-resolved Debye length leads
to largeerrorsin Poisson'sequationandsigni�cant chargeseparationon a scale
much greater than the Debye length; the e�ect is to arti�cially increasethe
Debye length. To avoid this problem, the grid spacingshould approximately
resolve the Debye length.

The two-
uid solution di�ers from the neutral solution in the pressurepro�le
aswell. In �g.11 the electronand ion pressuresdi�er in the regionbetweenthe
contact discontinuity and the shock wave in such a manner that the electron
pressureis decreasedby roughly the sameamount that the ion pressureis
increased.This indicates that the pressuredi�erence occurs becauseof an
electric �eld due to charge separation, this charge imbalancebegins with a
negative chargebump at the baseof the rarefaction and is resolved with the
positive chargespike at the shock. The electric �eld supports a 
uid pressure
gradient which is exactly opposite for the electronsand ions. The pressure
solution betweenthe contact discontinuity and the shock remainsunchanged
when Poisson'sequation is enforced, i.e., the two-temperature e�ect is not
numerical.
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Fig. 8. Plot of number density vs position for the electronand ion 
uid in comparison
with a single
uid for the electrostatic plasmashock. The two-
uid equationsbehave
much like a single 
uid in this caseexcept in the vicinit y of the shocks wherethe ion

uid number density increasesand in the region right of the rarefaction wave where
similar number density variations occur. The spike at the shock remainsun-changed
when electric �eld divergencecleaning is applied, but the spikes at the rarefaction
wave decreasein amplitude signi�cantly (though never disappear) when electric
�eld divergencecleaning is implemented.
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Fig. 9. Plot of number density vs position in comparisonwith the single
uid solution
closeto the shock in the electrostatic plasma shock problem. The ion 
uid density
increasesnear the shock sothat the jump condition is satis�ed (the solution remains
unchangedwhenPoisson'sequation is enforced).Debye shieldingoccursaround this
spike in chargedensity (the Debye length is 2:4� 10� 3 in this region) and the single

uid solution lies within this Debye shielding region.
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Fig. 10. Plot of two-
uid number densities compared to the single 
uid solution
closeto the rarefaction wave in the electrostatic shock problem. The oscillations in
ion density occur becausethe ion 
uid attempts to form a rarefaction wave before
the electron 
uid. The result is a series of rarefaction like bumps. In the plots
above, when Poisson'sequation is not enforcedthe small rarefactions end in shock
waves. When Poisson's equation is enforced the shocks disappear being replaced
by a smooth transition the bumps shrink in amplitude by about 80 percent. Note
that the charge separation is occurring on Debye length scales(the Debye length is
1:1 � 10� 3 in this region).
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Fig. 11. Plot of pressurevs position for the electron and ion 
uid in comparison
with a single 
uid. Notice that between the location of the contact discontinuit y
and the shock the electron and ion pressuresare di�eren t. This pressuredi�erence
is a result of the electric �eld generatedat the baseof the contact discontinuit y due
to charge separation in that region. The charge separation disappears in a short
distance, but the e�ect on the pressureremains until the shock is reached.

5.2 Two-Fluid ElectromagneticPlasmaShock

The two-
uid electromagneticplasma shock is an extensionof the Brio and
Wu shock[40] to the two-
uid plasma model. The simulation was �rst per-
formed in [1,41] and is usedin the current paper as a benchmark. The ideal
two-
uid systemhasno dissipative terms however an arti�cial viscosity exists
due to the numerical discretization. Wave steepening of the two-
uid solution
is limited by physical wave dispersion,when wave dispersion is not su�cien t
to limit the steepening, arti�cial viscosity limits the steepening. In real col-
lisionlessshocks in experiments and in space,kinetic e�ects limit the wave
steepening when dispersionis not su�cien t to limit the steepening. This sim-
ulation is meaningfulsinceit illustrates the rangeof physicsthat the two-
uid
systemdescribes. Thesesimulations were performed without enforcing Pois-
son's equations.Comparisonwith a locally gaugecleanedpotential formula-
tion show that errors in Poisson'sequation do not contribute signi�cantly to
the structure of the solution. This result is somewhatsurprising, sinceerrors
in Poisson'sequationsigni�cantly increasedthe amplitude of the spikesat the
baseof the rarefaction wave in the caseof the electrostatic shock problem.

In this paper the shock will bepresented di�erently than in [1]. The initial dis-
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continuity is allowed to evolve in time until the shock structure spans1000r g i

whererg i is the ion Larmor radius. Time is measuredin terms of light transit
times acrossthe entire domain, � c = 1000r g i

c . Snapshotsof the shock earlier in
time correspond to larger characteristic ion Larmor radius, r g i

L < 1000where
L is the spanof the shock, and so the solution evolves from a \gas dynamic"
regimeof short time scalesand largecharacteristic ion Larmor radius r g i

L � 1
to an \MHD" regimeof long time scalesand small characteristic Larmor radii
r g i

L � 1. Parametersusedare as in the electrostatic shock, qi = 10, qe = � 10,
and � 0 = 1, � 0 = 1, c = 1, 
 e = 
 i = 5

3 , mi = 1, me = 1
1836. The initial

conditions on the left half of the domain are given by,
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(43)
The spatial units of �gures 12, 13, 14 are measuredin ion Larmor radii r g i

basedon the initial conditions in the left half of the domain.The Debye length
is � d = 1

100 rg i alsobasedon the initial conditionson the left half of the domain.
The resultsin �gure 12arevirtually identical to thosepublishedin [1] �gure 8.
The domainof �gure 12hasonly 500cells(5,000time stepsto reach this point
in the simulation) while the published solution has 4000cells in the domain.
Increasingthe resolution of the simulation at this scaleproducesadditional
high frequency waves which are \superimposed" on the solution presented
and do not changethe results signi�cantly. In �gure 13 the solution beginsto
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deviate more from the previously published solution in �gure 9 of [1] as can
be seenby the oscillations to the left of the rarefaction wave. At this scale
there are 5000cells in the domain (50,000time steps to reach this point in
the simulation) while there are 4000cellsin the previouslypublishedsolution.
The wavesto the left of the rarefaction wave decay due to numerical di�usion;
the shortest wavelengthsdecaying most. With increasedresolution the decay
can be reduced,but additional shorter wave lengths are resolved which also
decay rapidly in amplitude. At the �nal time �gure 14, the solution hasmoved
beyond thosepublishedand signi�cant oscillationsto the left of the shock are
observed. The magnitude of the wavesto the left of the rarefaction wave have
continued to decay compared to their magnitude in �gure 13, once again,
due to numerical di�usion. The oscillationsare dispersive magnetosonicwaves
and are a feature of laminar collisionlessshocks [42]. Most of thesewavesare
resolved in several hundred grid cells, and the entire domain of �gure 14 is
50,000cells(500,000time stepsto reach this point in the simulation). At this
resolution the number of oscillationsbehind the shock remainsconstant with
further re�nement and the solution is convergedwith the caveat that higher
wave number modes will continue to appear, superimposedon the solution
presented, as the grid is re�ned further - (recall, this sameissueis illustrated
in the discussionof the electronacousticsquarepulsesimulations).
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Fig. 12. Electromagnetic shock solution using the two-
uid equationsand the MHD
equations at t = 0:01� c. At this time the domain spans 10 ion Larmor radii or
1000 Debye lengths. It is in this regime that the two-
uid solution di�ers most
signi�cantly from the MHD or the \gas dynamic" solution. This regime may also
have practical applications to Z-Pinchesand FRC's.
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Fig. 13. Electromagnetic shock solution using the two-
uid equationsand the MHD
equationsat t = 0:1� c. At this time the domain spans100ion Larmor radii or 10000
Debye lengths. Major di�erences from previously published results include the large
oscillations to the left of the rarefaction wave which are dispersive magnetosonic
waves.
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Fig. 14. Electromagnetic shock solution using the two-
uid equationsand the MHD
equationsat t = 1� c. At this point in the simulation the solution is very MHD like.
However, key di�erences remain and there is no indication that these di�erences
will subside with increasedresolution or further time evolution. The most major
di�erences are the post shock and post rarefaction wave oscillations. Both look
numerical, but thesewavesare resolved in several hundred grid cellsand arebelieved
to bedispersivemagnetosonicwaves.The exponential decay in thesewavesis a result
of the numerical di�usion of the algorithm. Higher resolution runs show more high
frequencywaveswith lessdi�usion, but essentially the sameresults.
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5.3 Magnetic Reconnection

In ideal MHD the 
uid is frozen to the magnetic �eld lines and this pre-
vents one �eld line from connectingwith another becauseas two �eld lines
are pushedtogether the 
uid forcesact to push the lines apart. The addition
of non-ideal terms which allow the 
uid to move across�eld lines, such as
resistivity, allows the magnetic reconnectionprocessto occur. However, clas-
sical resistivity leadsto much slower reconnectionrates than are observed in
collisionlessspaceand fusion plasmaswherethere is e�ectively no resistivity.
Non-ideal, collisionlessterms are responsible for the fast reconnectionthat is
observed to occur in the earthsmagnetotail and fusionplasmas.In this section
we show that the two-
uid algorithm developed in this paper producesmag-
netic reconnectionratesthat agreewith thosedescribed of the GEM challenge
magnetic reconnectionproblem as described in [2].

The GEM challengemagneticreconnectionproblemis non-dimensionalizedas
in [2] where lengths are normalized by the ion inertial length d = c=wp i =

c
�

e2 n0
� 0 m i

� � 1
2 time is non-dimensionalizedby the ion-cyclotron time m i

eB 0
where

B0 is the magnetic�eld at in�nit y. The velocities arenormalizedby the Alfven

velocity Va =
�

B 2
0

� 0 m i n0

� 1
2 . Finally current density is non-dimensionalizedby

J0 = B 0 wp i

� 0 c and E by E0 = Va B0. The domain is (� 6:4d;6:4d) and the
simulation is run out to 40=wc i . Conductingwalls areusedon the y boundaries
and periodic boundariesare usedon the x boundaries.� = 0:5d, the ion to
electron massratio is taken to be 25 and the speci�c heat ratio 
 = 5

3. The
speedof light is c = 10Va. The reconnectionrates do not changenoticeably
when the ratio of the speedof light to the Alfven speed is increasedto c =
100Va as was donein [43]. The initial number densitiesare given by,

ne = ni = n0

� 1
5

+ sech2
� y

�

��

: (44)

The electronand ion temperaturesdi�er slightly, but are constant throughout
the domain, this givesthe following electron pressure,Pe,

Pe =
1

12� 0
B 2

0
ne

n0
(45)

and ion pressurePi

Pi =
5

12� 0
B 2

0
ni

n0
: (46)

The electronand ion pressurebalancethe magnetic �eld which is given by

Bx = B0 tanh
� y

�

�

+
B0

10
�
L x

cos
� 2� x

L x

�

sin

 
� y
L y

!

(47)
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Fig. 15. GEM challenge comparing jJz j using the 2nd and 3rd order method on a
128� 64 grid at time t = 25=wc i . At this resolution an island forms in the 2nd order
method and grows as the simulation progresses.Both methods use3rd order TVD
Runge-Kutta time stepping.

By =
B0

10

� 2�
L x

�

sin
� 2� x

L x

�

cos

 
� y
L y

!

(48)

The magnetic �eld is in equilibrium with with the electron current Jz e,

Jz e =
� 0 B0

�
sech2

� x
�

�

: (49)

The simulations are run at two resolutions,128� 64 and 512� 256 using a
secondor third order discontinuous Galerkin method with third order TVD
Runge Kutta time stepping. At a resolution of 512� 256, 80 thousand time
stepsare taken and at a resolution of 128� 64, 20 thousand time stepsare
taken. In �gure 15 low resolutionsolutionsto the GEM challengeproblem are
plotted at t = 25=! c i . The secondorder solution showsstableisland formation
while in the third order method no island forms. In this simulation the TVB
limiter constant M = 0 is used to eliminate the formation of an unstable
island in the third order method. Solutions to the GEM challengeproblem
are highly susceptibleto bifurcation [44] which is the formation of magnetic
islands at or near the x-point (the center of the domain in this case).This
problem has beenobserved in many algorithms including our divergencefree
�nite volume algorithm so that magnetic islands can develop even without
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Fig. 16. GEM challenge comparing jJz j using the 2nd and 3rd order method on
a 512 � 256 grid at time t = 25=wc i . At this resolution the 2nd and 3rd order
method look similar. Both methods use3rd order TVD Runge-Kutta time stepping.
Instabilities develop out of the 
uid jets that emergefrom the x-point when they
collide with the slow moving 
uids in the lobes.

divergenceerrors. The development of theseislandsmay be due to excessive
dissipation applied at the x-point; however, the development of islandscan be
unpredictable and in the caseof the 3rd order method, increaseddissipation
can actually eliminate the island.

Physically the development of islandsis unstable and any small perturbation
in the location or �elds in the islandwill causethe islandto slip andmergewith
one of the lobes.Small perturbations can arise from machine precisionerror
and this is particularly true at locations near equilibrium where two nearly
equal but opposing forcesare added, the number that remains may depend
signi�cantly on the precisionof the numbers used.It has beenobserved that
increasingmachine precisioncan changethe direction that an unstable island
slips o� to. The secondorder solution shows the formation of a stable island
presumablydue to the extra dissipation of the secondorder method.

In �gure 16 the high resolution solutions are plotted at t = 25=! c i with the
TVB limiter constant M = 25. At this resolution the secondand third order
methodsproducevery similar results.In this caseno island formation is visible
in either the secondor third order schemes,however at time t = 30=! c i a very
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Fig. 17.Plot of reconnected
ux vs time for 2nd and 3rd order spatial discretizations
at resolutions of 128� 64 and 512� 256. The reconnected
ux di�ers substantially
for the two methods at 128 � 64, though the 3rd order method better matches
the high order solutions. At 512� 128 the 2nd and 3rd order methods are in close
agreement.

small unstableisland formsin the 3rd ordermethod and combineswith the left
lobe beforet = 35=! c i . If a lessdi�usiv e 
ux function such asan approximate
Riemann
ux is usedin the secondordermethod, unstableislandswill form. In
�gure 17 the reconnectedmagnetic 
ux 1

2

R
jBy jdx along the x axis is plotted

for several solutions. At grid resolution of 512� 256 the secondand third
order methods produce similar results. At a resolution of 128� 64 the third
order method producesresults which are in much better agreement with the
high resolution results than does the secondorder method. In �gure 18 the
solution using the 3rd order discontinuous Galerkin method with 3rd order
TVD Runge-Kutta times stepping is comparedwith solutions producedwith
particle, hybrid andHall MHD codesin [45].The two-
uid solution agreeswith
all the convergedsolutions until near the point of saturation. Physically, the
reconnectedsolution must eventually saturate. In �gure 19 the reconnected

ux up to time t = 60=! c i is shown illustrating the saturation of the numerical
solution beyond the publishedtime interval in the GEM challengeresults [2].

Flows appear late in time which are turbulent as shown in �gure 20 at time
t = 40=! c i . The 3rd order method shows considerablymore asymmetry than
the 2nd order method, but asymmetry has begun to develop in the 2nd or-
der solution. This asymmetry develops out of machine precision errors that

36



Fig. 18. Comparison of the two-
uid solution using the 3rd order discontinuous
Galerkin method with TVD 3rd order Runge-Kutta time stepping vs previously
published solutions in [45]. This plot was taken from [45] and the two-
uid solution
superimposedon top. The two-
uid solution shows good agreement with the other
methods. The Hall MHD code usesa term which dependson electron massand thus
di�ers from other published Hall MHD solutions where the electron massis taken
to be 0.

are initiated in the current layer at the x-point from the balancing of source
terms and 
uxes. The only dissipation present is numerical so the secondor-
der method tendssmooth out the errorsproducedby the �nite precisionmore
than the 3rd order method. As a result of the low dissipation in the 3rd order
method these errors result in the excitation of unstable modes which even-
tually e�ect the macroscopicsolution. The magnitude of electronmomentum
can di�er by as much as 10 percent by moving from 64 bit numbers to 80 bit
numbers at t = 40=! c i ; fortunately theseregionstend to be localized.

Notice the pair of shocks in �gure 20, the positionsdi�er in the two solutions.
The positions di�er becausethe onsetof the fast growth stageis slightly dif-
ferent for the two methods. As the fast growth begins,shocks form in the ion

uid as it is acceleratedalong the x axis. Eventually the two jets of shocked
ion 
uid collided and two shock that spansthe y axis are formed which con-
tinuesto propagatethrough the domain asthe solution evolves.If the onsetof
fast growth di�ers slightly initially , then theseshocks will appear at di�erent
locations for a given time.

In �gure 21 percent magnetic �eld jump due to divergenceerrors are plotted.
The �eld jumps are measuredagainst the magnetic �eld at in�nit y B0. The
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Fig. 19.Plot of reconnectedmagnetic 
ux to time t = 60=! c i for a 512X 256solution.
This �gure shows that the two-
uid solution does saturate as would be expected
with conducting walls and �nite 
ux in the domain.

magnetic �eld jump is de�ned for each cell in regular geometryas,

B j ump =
X

f aces

B � n ; (50)

wheren is the normal to the face.This condition givesthe increaseor decrease
in magnetic�eld strength in each cell dueto errorsin the divergenceconstraint.
The results in �gure 21 show that the magnetic �eld jumps remains fairly
small even at t = 40=! c i . In the 2nd order method on the 512X256grid the
divergenceerrors are grid aligned. Ultimately, divergencecleaning needsto
be implemented in the numerical method, in this problem however, magnetic
�eld divergenceerrors remain small and divergenceerrors are not visible at
all at the shocks.
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Fig. 20. Plot of total ion momentum at t = 40=! c i at a resolution of 512� 256using
the secondand third order DG methods.
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Fig. 21. Percent magnetic �eld jump due to divergenceerrors basedon the B �eld
at in�nit y B0 = 0:1 at t = 40=! c i at a resolution of 512X 128 using the secondand
third order DG methods. The 2nd order solution peaksat 2% while the 3rd order
solution peaksat 3%. The divergenceerrors in the 3rd order solution are much more
localized despite the greater maximum error. The secondorder solution shows grid
aligned divergenceerrors.
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6 Discussion

A discontinuous Galerkin method for the ideal 5-moment two-
uid plasma
systemis developed. A scalarmodel problem of the ideal two-
uid systemis
derived to illustrate the character of the full system.An analytic two-
uid so-
lution to an electronacousticsquarepulse in the linear regimeis derived and
the numerical solution usingthe fully non-linear two-
uid systemis calculated
showing convergencefor the 2nd and 3rd order discontinuous Galerkin meth-
ods. An electrostaticgas-dynamicshock problem is presented to illustrate the
existenceof Debye length oscillationsand Debye length ion shocks in two-
uid
solutionsand to give a physical interpretation. The algorithm is benchmarked
againstthe two-
uid electromagneticshock originally publishedin [1]. The 2nd
and 3rd order algorithms are testedon the GEM challengemagneticreconnec-
tion problem and producesresults comparableto thosegeneratedby particle
codes,hybrid codes,and a Hall MHD code. The issueof computational e�-
ciencyof the 3rd order method is an open question. Improved limiters would
signi�cantly improve the 3rd order solution and should be investigated.The
discontinuous Galerkin method o�ers a straight forward method for solving
the ideal 5-moment two-
uid system.This samealgorithm could be applied
to 10 and higher moment two-
uid systemsso that various kinetic e�ects can
be simulated inside the 
uid framework. Divergencefree,or divergenceclean-
ing electromagneticstechniquesdiscussedin [21] can easily be applied to the
algorithm developed in this paper. The algorithm can be easilygeneralizedto
three dimensionsand generalgeometries.
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